Kuwait University Math 102 (Calculus II) August 7, 2010
Department of Mathematics Final Examination  Duration: 120 minutes

Calculators, telephones, and pagers are not allowed.
Answer all of the following questions. Read each question carcfully. Justify all your answers.
1. Let

o eI e L

Show that f is one-to-one on (—1,00). (2 points)
. m=2ten~lz =
2. Evaluate ’h_:sléo oy = (3 points)
3. Evaluate the following integrals. (3 points each)
(a) f z® arcton x dz

1
(®) j3ooshz+4sinhs:+3dz

1—sinz
i f (z’+2zcosm—ain3x)sﬁdm

4. Determine whether the improper integral [(%—%) dz is comvergent or
divergent, and find its value if it is convergent. (3 points)
5. Findbsothat/%dmisamﬁonalfuncﬁon, and evaluate the integral for every
such value of b. (2 points)
6. Find the length of the curve y =Inv/ftanhz, 1<z <2. (4 points)
7. Find the centroid of the region bounded by the curves y = 1/(2® =22+ 5), y = 0,
z=—1,and z=3. (4 points)

8. Let C be the curve given by
z=2(1-t)%, y=2(1+¢)'% 0<t<L

(a) Find d?y/d=?. Is C coneave upward or downward? (8 points)
(b) Find the area of the surface obtained by rotating C about the z-axis. (8 points)

9. (a) Show that the polar equation r = asin® + bcosd represents a circle whenever o
and b are not both zero, and find its center and radius. (2 points)

(b) Find the area of the region that lies in the second quadrant, inside the graph of
the polar equation r = 1 + cosf, and outside the graph of the polar equation

¢ =g8in @ + cosb. (5 points)
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SOLUTION

1.

3.

Let 2y € (—1,00), 3 € (—1,00), and x5 # 1.

If 29 < 0 and 29 = 0, then f(xy) < 0 and fizs) > 0.

If 29y < 0 and x5 < 0, then In(xy 4+ 1) # In(xs + 1).

If ¢ = 0 and xo > 0, then exp(—:r%) = exp(—u:%).

So, in all possible cases, if 1 # 22 then f{x1) # f(xa2).

. The limit has the indeterminate form 0/0. For = > 1,

2
A (r —9tan—1 T .2 ] =2
(r —2tan~! ) 1+ 22 Ve —1 l1-x
= = = —1 aszr— o0
L(r—2sec™lz) _ 2 1+ a2 r=24+1
r/z? —1
7 —2tan"lx
Thus, I'Hospital’s Rule is applicable, and gives lim ——— = 1.

z—oo T — 2sec— 1z

(a) Integrate by parts with u = arctan» and dv = 2® de. Then du = [1/(1+ 2
and v = 24/4. So that

f 2P arctanxdr = ! arctanr ! f vt
o T 1) 1+22
4
1 1
= %al'ct.an;r:—qf(mz—l+ .r2+1) dr

s t Lz + arct +C
= —arctanyr ——\| — — I arctanar ’
4 443

—L—12m3 + %;L’ + _%[;1:‘1 — ljarctanz + C.

{b) By the definition of the hyperbolic funetions,

1 1
dr = . .
_/3(‘05]1:c+4sinh:c+3 . /3(&“ +e®) /24 4(e* —e7") /243

f 2e” d
- .= »
Te2r 4 Ger — 1

Substitute # = ¥ which implies that du = % dz. Then

2)] dr

dz

1
dr = d
fScoshI—F-’lsinhu:—l—S * _/aug—l-(iu—l j(?u—l Wu+1) ‘

1 i
- Zf(?u—l u—i—l) du

= t(ffu—1]-Infut+1))+C
1 Tet —1

S
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1.

o

(¢) By completing the square,

1 —sinz 1 —sinz
/ pdr = / a2
(22 + 2z cosx — sin” z)” [(z + cosz)? — cos2z — sin?z]”

_ f 1l —sinx dr
[(z 4 cosz)? — 1]9”!2 .

Substitute » + cosx = sec# which implies that /(x4 cos )2 =1 = tanf and
(1 —sinz)dr = sec#tanf df. This yields

l—sinzx sec f tan cos f1
f (22 + 22 cos 2 — sin2z)¥? o= e 0= sin” ¢ a8
1 . sec
Y "7 Tiand
_ T+ cosx el

(z4+cosx)? —1

The integrand is continuous on (0, 7] but not on [0, 7]. So, consider

™1+ 2cos 1 'JT t 4 2sint
f (ﬂ — —) dr = [In{z + 2sinz) —In :c]‘ =—In (ﬂ)
: t

r4+ 2sinr t

for t € (0.7). This gives

T 1l+2cosz 1 sint
lim f w ——]Jdr=—limIn(1+ 2£ =—In3.
t—~0+ J; \r+2sinz = =0+ t

Answer: The improper integral is convergent and its value is —In 3.

. The partial fraction decomposition of the integrand for arbitrary b is

br + 1 _A+B+ C N D N E
22z+1)% 22 o+ 1 0 (2412 (z4+1)%

For the integral to be a rational function, necessarily A = € = 0. So,

br +1 _E+ D N E
2+ 13 22 (z+ 12 (z+1)%
where
br+1 = Blz+1P3+ De?(z+1)+ Ex?

(B+ D)2* + (3B+ D+ E)2? + 3Bz + B.

Equating coefficients,

B+D =0 B =1
3B+ D+E =0 D = -1
3B = b = E = —2
B =1 b= 3



Sob=3and

/%d”" - /(w_lﬁ‘tmjnﬂ‘(mfl)@) d”""

. Since y = %]11 tanh x,

dy 1 sech? r _ 1 1

dr ~ 2tanhe = 2coshesinhz ~ sinh 22’

1+ dy 2_ 1 _ sinh? 2z + 1 _ cosh? 2z
de ] — sinh?2z = sinh?2r  sinh?2z’

and the length of the curve is

2 dy\2 2 cosh 22 1, . 2 1 sinh 4
-/; l+(E) der = \ mdm—Ehlsthm‘l—aln (m)

In+v'2cosh 2.

. Completing the square, 2% — 22+ 5= (z — 1) 4+ 4. So, 1/(2? — 22 4+ 5) > 0 for all 2.

Let A be the area of the region, and (z, §) be the coordinates of its centroid.
Because the region is symmetric with respect to the line » = 1, there holds & = 1.

3 1 d 3 1 d
A‘/_l (x—102+4 ‘T_Q/I w_12+4"

and

1 B 1 1 ? 1
y:ﬂf_l [(;,»—1)2+4]2d:‘21/1 [(m—1)2+4]2d"”'

Substitute 2 — 1 = 2 tan # which implies that (z —1)244 = 4sec? 0 and da = 2 sec” § d6.
So that

w4 1 w4 p

3



and

4 w4 1 2 1 /4 2
gy o= — —————=2sec" #df = — f dff
Y T j{; (4sec? )2 e T j{; oo
1 w4 1 w4 T+ 2
= — 1 920} df = —(26 .'ga| — = .
i, (14 cos26) I( + sin 26) . T6m
Answer: The centroid of the region is (1, %’f)
&. Differentiating,
dl‘ ! ;
- = — l_f ]'|'2 1 = 1 T—l_x'z_
g = U= and g ={140)
(a) This gives
dy _ dy/dt _ (1407 g

de ~ dejdt — —(1—)V/2

and,

d%y

da?

d (dy d 2,-1/2
A (dy\ _ dt (dw)_a(‘”‘” ") _ -y
de \dr) ~— dr —(1—t)1/2 T -1l
dt

t
(1—t)2(141)3/2

It follows that d?y/da? > 0 for 0 < t < 1. So € is coneave upward.

f 2y ds
lod

Substitute ¢ = +/2 sin @ which implies that /2 — t2 = v/2 cos 8 and dt = /2 cos 8 db.

So that

Let s denote the arc length. Then the surface area is

dr
dt

dy

27
dt

e

IKONOE

1 1
wa 2(1+t)1-f'2\/1—t+(1+t)-Ldf:---:4rrf V2 —t2di.
0 0

/4 /4
] 2ryds = 4Tr] (vV2cos0)?df = 43‘1‘] {1+ cos26)dp
o 0 ]

=

r = asinf + bcost

w4

27 (26 + sin 28)

, =2m(F+1) =n(r+2)

= 7?2 = arsinf + brecosfl —

(2 —b/22%+ (y—a/2)? = (a® 4+ ?) /4.

This is the equation of a circle with center (b/2,a/2) and radins va? + b2/2.

22 4+ 4% = ay + bx



(b) The polar equation » = sinf + cos# represents the circle with center (é%) and
radius % The polar equation » = 1 + cos#f describes a cardioid.

L

r=1+cosf

[ r=sin# +cosf

\__F

The graphs of the two equations do not intersect inside the second quadrant since
1+ cosfl >sinf +cosé for m1/2 < 0 < m and for 37/2 < § < 27

Let A1 be the area in the second quadrant inside the graph of the cardioid, and
As be the area in the second quadrant inside the circle.

Then

A4 = %f (1+cos€)2d€:%f (1+2cosf + cos® ) df

/2 w2

™ T 3 oW

1 ’ 1 o . T3

Ef (3+dcost 4 cos 20) df = (66 + 8sin # + sin 26) = .
w2 w2 8

On the other hand,! because A5 is one quarter of the area inside a circle of radins

% and outside an inscribed square of side length 1,
_ 1 1)y e T2
_42_3[“ (ﬁ) —1 ] ===
Answer: The area is Ay — Ay =... = (7 —3)/4.

1 Alternatively,

1 amid 3mid 1 Imid T—2
Ag:_—[ (sin&-ﬁ-cosﬁ)zdﬁ:.— [ (14 sin28)df = —(26 — cos 20) == .
2 Jwi2 2 Jr 2 *1' w2

[y





